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Note: Blocks of italicized text indicates a remark. Thebth exercise for lecture a will often times be denoted
‘exercise a.b’.

1. Introduction.

(1) Compute the number of points |X (Fq)| of X = Gr(k,n) (Grassmannian of k-dimensional linear
subspaces in n-dimensional a�ne space) over the �nite �eld Fq and the corresponding Hasse–
Weil zeta function Z (X , t).

Compare with singular cohomology of the complex Grassmannian if you already know how
to compute it.

(2) Let X be a variety over Fq . Show that

Z (X , t) =
∏
x ∈ |X |

1
1 − tdeg(x ) .

Here the product runs over all closed points x ofX , and deg(x) is the degree of the �eld extension
[κ(x) : Fq].

(3) Show that if Y ⊆ X is a closed subvariety and U = X \ Y is the complementary open, then
Z (X , t) = Z (Y , t) · Z (U , t).

(4) Let F be an endomorphism of a vector spaceV over some �eld K . Show the following equality of
power series in K[[t]]:

exp

(∑
n≥1

Tr(Fn)
tn

n

)
=

1
det(1 − tF )

.

(5) Let X ⊆ PNFq be a projective variety over the �nite �eld Fq and let X ⊆ PN
Fq

be its base change to

Fq . Let F : PN
Fq
−→ PN

Fq
be the map de�ned in homogeneous coordinates by

F (x0 : . . . : xN ) = (x
q
0 : . . . : xqN ).

Show that F maps X to itself and that its �xed points on X are precisely X (Fq).
(6) Compute the Hasse–Weil zeta function of the circle X = {x2 + y2 = 1} ⊆ A2

Fp
and compare it

with the zeta function of X ′ = Gm,Fp . Note that X and X ′ become isomorphic over Fp .

2. Morphisms.

(1) For a scheme X an open subschemeU ⊆ X has the property that its geometry is entirely determined
by that ofX and its underlying topological space |U | ⊆ |X |. This feature seems so important for open
subschemes that one might imagine it characterizes them. This exercise shows this to be the case.

Let U and X be Noetherian schemes and let j : U −→ X be a morphism. Suppose that U
represents the functor

S 7→ { f : S −→ X : f (|S |) ⊆ j(|U |)}

(where | · | represents the underlying topological space). Use Grothendieck’s characterization of
open embeddings (open embeddings are precisely étale monomorphisms) to show that j is an
open embedding.

This observation is also important for de�ning open subobjects in categories other than schemes
(e.g. adic/rigid spaces).

(2) Let S be an integral normal scheme and let f : X −→ S be an étale morphism with X connected.
Use [Stacks, Tag025P] to show that X is integral. Give an example that shows this can fail if S is
not assumed to be normal (Hint: consider the nodal cubic curve V (y2 − x2(x + 1)) ⊆ A2

C and try
drawing a picture for some of its ‘covers’).



(3) Let f : X −→ Y be a morphism of varieties over an algebraically closed �eld k . Let x ∈ X (k)

and let y := f (x). If f is étale at x show that the induced map f̂x : ÔY ,f (x ) −→ ÔX ,x is an
isomorphism. Does this remain true if one does not assume that k is algebraically closed? Does
it remain true if X and Y are arbitrary schemes?

(4) Let k be a �eld of arbitrary characteristic and let E be an elliptic curve over k . Show that the
multiplication-by-n map [n] : E −→ E is étale if and only if char(k) - n.

(5) Let k be a �eld of arbitrary characteristic and let Gm,k denote the usual multiplicative group over
k . For what n is the multiplication-by-n map [n] : Gm,k −→ Gm,k étale?

(6) Let SLn,Z be the functor which associates to a ring R the set SLn(R) of n ×n-matrices over R with
determinant 1. Show that SLn,Z is representable and use the in�nitesimal lifting criterion to show
that SLn,Z −→ Spec(Z) is smooth.

(7) Use Example 4.10 of [Mil] to show that the henselization of Z(p) is the integral closure of Z(p) in
Zp . What is the henselization of k[t](t )?

(8) Use the in�nitesimal lifting criterion to prove the following version of Hensel’s lemma: let (A,m)
be a complete local ring and let X −→ Spec(A) be smooth (resp. étale)). Show that the map
X (A) −→ X (A/m) is surjective (resp. bijective). Use this to show the normal version of Hensel’s
lemma: let f (t) ∈ Zp [t] be a polynomial such that f (t) ∈ Fp [t] is separable, then every root of
f (t) has a unique lift to Zp .

(9) Let X be a smooth variety over k an arbitrary �eld. Show that X (ksep) is dense in X (Hint: show
that this condition is insensitive to étale morphisms and reduce to Adim(X )

k ).
(10) Let f : X −→ Y and д : Y −→ Z be morphisms. Suppose that д ◦ f and д are étale. Show that f

is étale.
(11) Let S be any scheme over Fp . Denote by FS the absolute Frobenius map S −→ S which is the

identity on the underlying topological space and is the pth-power map on OS (i.e. on an a�ne
open Spec(R) ⊆ S it is the map induced by the map R −→ R given by r 7→ rp ). We say that S is
perfect if FS is an isomorphism.

Let f : X −→ S be an S-scheme. We then de�ne the scheme X (p) by the following cartesian
diagram

X (p) //

��

X

f
��

S
FS
// S

We then obtain a relative Frobenius map FX /S : X −→ X (p) by declaring its projection to X be
FX and its projection to S be f . We would like to understand FX /S when S is perfect (which we
assume in the following).
a) Compute X (p) and FX /S when X = AdS for some d > 0.
b) Use exercise 10. and Grothendieck’s characterization of open embeddings to show that if

f : X −→ S is étale then FX /S is an isomorphism.
c) Combine a) and b) to show that if f is smooth of relative dimension d then FX /S is locally free

of rank pd .
(12) Show that if X and Y are varieties over an algebraically closed �eld k and f : X −→ Y is an étale

morphism then for all x ∈ X (k) the induced map d fx : TxX −→ Tf (y)Y is an isomorphism.Is this
true if k is not algebraically closed? Is this true for non-closed points? Is this true if X and Y are
arbitrary schemes.

(13) Let X and Y be schemes and let f : X −→ Y be an étale morphism. Let us say that f is locally
factorizable if for all x ∈ X there exists a neighborhoodU of x andV of f (x) such that f (U ) ⊆ V
and for which there is a factorization

W

π

  
U

f
//

j
>>

V

with j an open embedding and π a �nite étale map. Is every étale morphism locally factorizable?



In other words, the question is whether the étale site of a schemeX has a subcategory C of simpler
objects (open embeddings followed by �nite étale) which is su�cient for defning sheaves (in the sense
that every object of Xet has a re�nement by an object of C ).

(14) Show that if (A,m) and (B, n) are local rings and f : (A,m) −→ (B, n) is �at, then it’s injective
and, in particular, faithfully �at.

(15) Let f : X −→ Y be faithfully �at. Show that f is an epimorphism in the category of schemes
(Hint: use the exercise 2.13).

3. Étale fundamental group (I).

(1) Let f : X −→ Y and д : Y −→ Z be such that д ◦ f and д are �nite étale. Prove that f is �nite
étale.

(2) Let S be a scheme and let s be a geometric point of S . Show that if fi : Xi −→ S are �nite étale
covers and u : X1 −→ X2 is an S-morphism such that the induced map u∗ : Fs (X1) −→ Fs (X2) is
an isomorphism, then u is an isomorphism.

(3) Let S be a connected scheme and let X −→ S be a connected �nite étale cover. Show that any
S-morphism u : X −→ X is an isomorphism.

(4) Show that if (S1, s1) −→ (S2,γ2) is a mapping of connected pointed schemes, then the induced map
π ét1 (S1, s1) −→ π ét1 (S2, s2) is surjective if and only if for all connected �nite étale covers X2 −→ S2
the space S1 ×S2 X2 is connected. Find an aanlogue of when a map on fundamental groups is
injective.

(5) Use exercise 3.4, together with exercise 2.2 to show that if (S, s) is a pointed scheme with S integral
and normal and if U ⊆ S is open, then the induced map π ét1 (U , s) −→ π ét1 (S, s) is surjective. Is
this true if one doesn’t assume that S is normal?

(6) Classify explicitly the étale covers of Spec(Zp ) and use this to compute π ét1 (Spec(Zp )).
(7) Can you give a description of all the �nite étale covers of Spec(Z[ 1

n ]) and describe π ét1 (Spec(Z[ 1
n ]))

in terms of Gal(Q/Q)? In particular, can you describe π ét1 (Spec(Z)) (Hint: the Minkowski bound).
(8) Can you give a description of π ét1 (Spec(C((t)))? Can you interpret this geometrically?
(9) Let π be a pro�nite group. Is the natural map π −→ π̂ an isomorphism? Can you give an example?

(10) Let p be a prime and let K be a �eld of characteristic di�erent than p. Let K(µp∞ ) be the Galois
extension of K given by adjoining the roots of xpn − 1 for all n > 1. Show that there is a natural
embedding χp : Gal(K(µp∞ )/K) −→ Z×p called the cyclotomic character. Is it true that χp either
has �nite image or co�nite image?

4. Étale fundamental group (II).

(1) Compute π ét1 (Spec(OC ,x )) where C is a smooth projective curve over C and x ∈ C(C). Your
answer shoudl involve the projective geometry of C itself.

(2) Try and compute π ét1 (A
2
C − {0}) (this is di�cult without some big machinery).

(3) Try and compute X = π ét1 (Zp [x,y]/(xy − p)) and understand the relationship between π ét1 (XQp )

and π ét1 (XFp ) (note thatX is not proper so that Grothendieck’s specialization results don’t apply).
(4) It is a somewhat hard fact that if X is a proper connected variety over an algebraically closed

�eld k and k ′/k is an algebraically closed extension, then the natural map π ét1 (Xk ′) −→ π ét1 (X )
is an isomorphism (e.g. see [Tag0A49,Stacks]—the proof uses ideas that come up in the proof of
Grothendiecks’ specialization theorem). Show that this result is false forX = A1

Fp
and k ′ = Fp (T ).

(5) Compute π1(C)
(p) where C is a smooth proper integral curve over an algebraically closed �eld

k , p is the characteristic of k (which can be zero), and for p > 0 π ét1 (C)
(p) means the maximal

pro-prime-to-p quotient of π ét1 (C) (by de�nition π ét1 (C)
(0) = π ét1 (C)). Note that your proof will

use the Riemann existence theorem, the classical computation of the fundamental groups of real
surfaces, Grothendieck’s specialization results, and the result [Tag0A49,Stacks] cited in exercise
4.4.

(6) IfX is a normal integral scheme andU is an open subset ofX , then the map π ét1 (U ) −→ π ét1 (X ) is
surjective (e.g. see [Tag0BQI,Stacks]. Give a counterexample to this claim when X is not normal.



(7) Let k be an algebraically closed �eld. Let f ∈ k[x0, . . . , xn] be a homogenous polynomial. Let
X̃ := V (f ) − {0} ⊆ An+1

k − {0} and X := V (f ) ⊆ PnK . Show that the natural map X̃ −→ X induces
a surjection π ét1 (X̃ ) −→ π ét1 (X ). Can you describe the kernel of this map?

5. Étale topology (I).

(1) Letk be a �eld and letn > 1 be invertible ink (this invertibility condition is not striclty necessary).
Denote by F the presheaf on Spec(k)ét given by F (R) = SLn(R)/µn(R) (where µn(R) is embedded
diagonally in SLn(R)) for an ’etale algebra R over k . Denote by PSLn the shea��cation of F . Is it
true that PSLn = F (i.e. is F a sheaf)?

(2) Let k be a �eld and n > 1 invertible on k (this invertibility condition is not strictly necessary).
Denote by G the presheaf on Spec(k)ét given by G(R) = GLn(R)/R× (where R× is embedded
diagonally in GLn(R)) where R is an étale algebra over k . Denote by PGLn the shea��cation of
G. Is it true that PGLn = G (i.e. is G a sheaf)?

(3) Can you �nd an explicit relationship between F and G from exercises 5.1 and 5.2?
(4) Let S be a scheme. Recall that an elliptic scheme over S is a pair (E, e) consisting of a smooth proper

morphism f : E −→ S with connected �bers, and a section e : S −→ E of f . An isomorphism of
elliptic curves over S is merely an isomorphism of S-schemes which commutes with the section
maps. Note that if φ : S ′ −→ S is map of schemes and (E, e) is an elliptic scheme over S then
there is a pullback elliptic curve (φ∗E,φ∗e) over S ′ obtained via the natural �ber product E ×S S ′
and φ∗e the pullback section.

If S is a k-scheme for some �eld k , we call en elliptic scheme E over S a trivial family if there
exists an elliptic curve E0 over k such that E � E0 ×Spec(k ) S as elliptic schemes over S .
(a) Find an elliptic scheme E over S := Gm,C which is not a trivial family but for which φ∗E is

a trivial family where φ : Gm,C −→ Gm,C is the map z 7→ z2.
(b) Find two elliptic curves E and E ′ over Spec(Q)which are not isomorphic but for which EK �

E ′K for some �nite extension K/Q.
(c) Let F be the presheaf on the big étale site of Spec(Z) given by

F (S) := {Elliptic schemes over S}/iso.

where the quotient on the right hand side means ‘up to isomorphism’ (the restriction maps
for the presheaf are the pullbacks of elliptic schemes). Show that each (a) and (b) both (indi-
vidually) show that F is not a sheaf.

(d) Can you compute the shea��cation of F (Note: this is ‘challenge problem’).

This exercise is one of the �rst indications why the theory of stacks is useful. Namely, while
F is not representable (since representable presheaves are sheaves for the big étale topology)
one can build a stack which classi�es elliptic schemes (but doesn’t mod out by isomorphism
classes—it keeps track track of isomorphisms of elliptic schemes as part of the data) which serves
the geometric purpose for what we want F to do. This stack is denoted M1,1. For a good
introduction to these ideas see this—don’t look at this before doing the exercise!.

(5) Let us denote by P the presheaf on the big étale site of Spec(Z ) given by sending S to Pic(S) (with
restriction maps being pullback of line bundles). Is P a sheaf?

(6) LetG be a group scheme over the scheme S and let hG denote its representable presheaf consider
as a presheaf on the small étale site of S . Let f : S ′ −→ S be a morphism. Show that if G −→ S is
étale then f ∗hG � hGS′ (the pullback taken in the small étale site). Give an example to show this
is false if G −→ S is not étale.

(7) Let f : Spec(Q(i)) −→ Spec(Q) be the unique map.
(a) Show that f∗Ga,Q(i) � G2

a,Q as sheaves on the big étale site of Spec(Q).
(b) Show that f∗Gm,Q(i) is a representable sheaf on the big étale site of Spec(Q) but it is not

isomorphic to G2
m,Q.

(8) Compute H 1
ét (A

1
C, SLn).

(9) Let A be a ring and f a non-zero divisor for A. Let us denote by Â the f -adic completion of A, Af

the localization of A at f , and Âf the localization of Â at f . The Beauville-Laszlo theorem says
that if M is an f -regular Â-module (i.e. the map m 7→ f m is injective), N an Af -module, and
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φ : MÂf
−→ NÂf

an isomorphism then there exists an f -regular A-module L such that LÂ � M

and LAf � N . Prove the Beauville-Laszlo theorem in the situation where A is Noetherian.

Intuitively a sheaf on Spec(A) can be obtained from any sheaf F on D(f ) and a sheaf G on a
neighborhood U of V (f ) on which the two are isomorphic on the intersection. In fact, one might
imagine that you don’t really need an open neighborhoodU ofV (f ) but just an ‘in�nitesimal neigh-
borhood’ I of V (f ) that contains just enough information for it to make sense of the statement ‘the
restriction of F and G to I ∩ D(f ) agree’. One should think of the Beauville-Laszlo theorem as a
rigorous formulation of this fact at least when the sheaves involved are quasi-coherent. Here Af is
representing D(f ) and Â is representing the ‘in�nitesimal neighborhood’ of V (f ).

6. Étale topology (II).

This exercise set will be very lengthy. Feel free to pick-and-choose what is of interest to you. Namely, the
�rst three ‘sections’ will essentially suss out the nature of torsors on Spec(k)ét for three particular (classes of)
groups: GLn(Z), PGLn,k , and E (an elliptic curve). Following these there will be a section for miscellaneous
exercises.

Tori This next series exercises is concerned with tori and how the theory of torsors helps us understand them.
Namely, let k be a �eld. Then a torus over k (of dimension n) is a group scheme T over k such that there is
an isomorphism of group schemes Tk � Gn

m,k
. If L/k is an algebraic extension such that TL � Gn

m,L we say
that L splits T .

We begin by explaining why every torus is split over a �nite separable extension of k . There are several ways
to do this, we have elected to take an approach which uses torsors. This exercise is tricky and so the reader
should feel free to skip it and take the result for granted.

(1)
(a) Show that the functor Isom(T ,Gn

m,k ) : Schk −→ Set given by

S 7→ {Group isomorphisms TS −→ Gn
m,S }

is a sheaf on the big fpqc site of Spec(k).
(b) Show that Isom(T ,Gn

m,k ) is, in fact, an Aut(Gn
m,k )-torsor (where Aut(Gn

m,k ) := Isom(Gn
m,k ,G

n
m,k )

which is a group sheaf).
(c) It is a fact that Aut(Gn

m,k ) is equal to GLn(Z). Let’s not prove this in general, but at least
show that Aut(Gn

m,k )(L) agrees with GLn(Z)(L) for any �eld L/k .
(d) Thus combining the last two results we see that Isom(T ,Gn

m,k ) is a GLn(Z)-torsor for the
big fpqc site on Spec(k). Let’s take for granted the following fact: every GLn(Z)-torsor is
representable. In particular, Isom(T ,Gn

m,k ) is representable by some k-scheme XT . Show
that XT is smooth over Spec(k).

(e) Show that if X is a smooth k-scheme then there exists a �nite separable extension L/k such
that X (L) , ∅. Deduce that TL � Gn

m,L for some �nite separable extension L/k .

We now explore how to use torsors to classify tori over a �eld k.

(2) Deduce from Exercise 6.1 that if T is a torus of dimension n over k the functor Isom(T ,Gn
m,k ) is

a GLn(Z)-torsor on the small étale site Spec(k)ét . Show that every GLn(Z)-torsor on Spec(k)ét is
of this form. Deduce that we have a bijection{

Tori over k
of dimension n

}
/≈−→

{
GLn(Z)-torsors

on Spec(k)ét

}
/≈

(3) Use our general theory to deduce that we have a bijection{
GLn(Z)-torsors

on Spec(k)ét

}
/≈−→ Homcont.(Gal(ksep/k),GLn(Z))/conj.



(where GLn(Z) is given the discrete topology) and thus we have a bijection{
Tori over k

of dimension n

}
/≈−→ Homcont.(Gal(ksep/k),GLn(Z))/conj.

(4) Prove that there is a natural bijection

Homcont.(Gal(ksep/k),GLn(Z))/conj. −→
{
Gal(ksep/k) lattices

of dimension n

}
/≈

where a Gal(ksep/k) lattice (of dimension n) is a free Z-module X together with a linear action of
Gal(ksep/k) which is continuous (i.e. the action map Gal(ksep/k) × X −→ X is continuous where
X is given the discrete topology). Deduce that we have a bijection{

Tori over k
of dimension n

}
/≈−→

{
Gal(ksep/k) lattices

of dimension n

}
/≈

We would now like to understand what the last bijection Exercise 6.5 means concretely

(5) Let T be a torus over k of dimension n. Let us de�ne the character lattice of T to be the group
X ∗(T ) := Hom(Tk sep,Gm,k sep ). Show that X ∗(T ) is naturally a Gal(ksep/k)-lattice of dimension n.
Show that the association T 7→ X ∗(T ) is the last bijection in Exercise 6.5

(6) Show that this associationT 7→ X ∗(T ) actually upgrades to an anti-equivalence from the category
of tori over k to the category of Gal(ksep/k)-lattices.

(7) classify one-dimensional tori over a �eld k .
(8) Prove that the sheaf from Exercise 5.7.(b) is represented by a torus T . What is X ∗(T )?

If the reader is curious the above discussion generalizes from working over k to (essentially) arbitrary bases
with essentially the same ideas (just much, much more technical). See [Con1, Corollary B.3.6] for example.

Brauer-Severi varietiesWe nowwould like to discuss Brauer-Severi varieties. Such objects, while common
enough in nature to warrant discussion, are also very important for the computation of the étale cohomology
of curves.

Namely, let k be a �eld. Then, a variety X over k is called a Brauer-Severi variety of dimension n if there
exists an isomorphism Xk � Pn

k
. We start the exercises much as we did for tori:

(9)
(a) Let X be a Brauer-Severi variety. Show that the functor Isom(X , Pnk ) : Schk −→ Set given by

S 7→ {Isomorphisms XS −→ PnS }

is a sheaf on the �g fpqc site of Spec(k).
(b) Show that Isom(X , Pnk ) is actually a Aut(Pnk )-torsor.
(c) It’s a fact (e.g. see [Mum, Chapter 0, §5] that Aut(Pnk ) = PGLn+1,k (e.g. see Exercise 5.2). Let’s

now show this here in full generality, but verify that Aut(Pnk )(L) = PGLn+1,k (L) for all �eld
extensions L/k .

(d) Combining the last two exercises we see that Isom(X , Pnk ) is PGLn+1,k -torsor on the fpqc site
for Spec(k). Deduce that Isom(X , Pnk ) is representable by some scheme F and show that F is
smooth.

(e) Use Exercise 6.1.(e) to deduce that XL � PnL for some �nite separable extension L/k .

We now explore how torsors help us classify Brauer-Severi varieties. Namely, we have the following:

(10) Show that the map X 7→ Isom(X , Pnk ) is a bijection{
Brauer-severi varieties

of dimension n

}
/≈−→

{
PGLn+1,k torsors

on Spec(k)ét

}
(11) Use our general theory to deduce that there is a bijection{

Brauer-severi varieties
of dimension n

}
/≈−→ H 1

cont.(Gal(ksep/k), PGLn+1,k (k
sep))



We now explore some explicit examples:

(12) Show that a Brauer-Severi variety of dimension 1 is nothing but a smooth proper curve of genus
0.

(13) Write down the element ofH 1
cont.(Gal(C/R), PGL2,R(C)) that corresponds toX := V (x2+y2+z2) ⊆

P2
R.

Finally we use our torsor understanding of Brauer-Severi varieties to prove a crucial fact about them:

(14) Suppose that X is a Brauer-Severi variety and X (k) , ∅. Show then that there exists an iso-
morphism φ : Xk sep −→ Pnk sep carrying x to p0 := [1 : 0 : . . . : 0]. Deduce that one can
take the element of H 1

cont.(Gal(ksep/k), PGLn+1,k (k
sep)) corresponding to X to lie in the subset

H 1
cont.(Gal(ksep/k),Aut(Pnk sep,p0))where Aut(Pnk sep,p0) is the subset of PGLn+1,k (k

sep) consisting of
those automorphisms of Pnk sep which �x p0.

(15) Show that there is an extension of Gal(ksep/k)-groups
1 −→ (ksep)

n −→ Aut(Pnk sep,p0) −→ GLn(ksep) −→ 1

and deduce that H 1
cont.(Gal(ksep/k),Aut(Pnk sep,p0)) is a singleton.

(16) Deduce that X � Pnk .

The Weil–Châtlet group We �nally discuss the notion of the Weil-Châtlet group which is ubiquitous in
modern number theory (e.g. in the de�nition of Tate–Shafarevich groups). In other words, we are going to
discuss torsors for elliptic curves.

We begin with the following simple exercise:

(17) Let k be a �eld and E an elliptic curve over k . Show that every E-torsor on Spec(k)ét is repre-
sentable (Hint: use étale descent for projective morphisms).

This allows us to understand E-torsors more concretely. Namely:

(18) Let F be a torsor for E which, by the previous exercise, is representable by some k-scheme C .
Show that C is a smooth proper geometrically connected curve of genus 1.

(19) Recall that associated C is its Jacobian Jac(C) which, since C is genus 1 by Exercise 6.18, is an
elliptic curve. Show that E � Jac(C).

(20) Conversely, suppose that C is a genus 1 smooth proper geometrically integral curve. Show then
that C is a Jac(C)-torsor.

(21) Deduce from Exercise 6.19 and Exercise 6.20 that there is a surjection{
E-torsors

on Spec(k)ét

}
/≈−→

{
C smooth proper geometrically

integral with Jac(C) � E

}
/≈

Show that this map is not an injection.

In fact there is a natural action ofAut(E) (automorphisms preserving the additive structure) on the
isomorphism casses of E-torsors on Spec(k)ét given by twisting the action of E on C by φ ∈ Aut(E).
This then actually induces a bijection({

E-torsors
on Spec(k)ét

}
/≈

)
/Aut(E) −→

{
C smooth proper geometrically

integral with Jac(C) � E

}
/≈

We now give a name to the object we have been considering

(22) We de�ne the Weil–Châtlet group of E, denoted WC(E/k), to be the isomorphism classes of E-
torsors. We know from basic theory that we have a bijection

WC(E/k) −→ H 1(Gal(ksep/k), E(ksep))

Can you describe the group structure on WC(E/k) such that this is an isomorphism of groups?

We now do some basic exercises to get a handle on the basic makeup of E-torsors:



(23) Let N > 1 be an integer. Note that one has a map of sheaves of abelian groups E[N ] −→ E and
thus a map

H 1(Gal(ksep/k), E[n](ksep)) −→ H 1(Gal(ksep/k).E(ksep)) � WC(E/k)

Can you describe this map explicitly? Is this map injective?
(24) Find an example of an elliptic curve E over a �eld k and an element of WC(E/k)whose underlying

curve is not isomorphic to E.
(25) Show that an E-torsor C is trivial if and only if C(k) , ∅.

Finally, let us relate our discussion above to a famous group:

(25) Namely, if k is now a number �eld one can consider for each place v of k the natural map

WC(E/k) −→WC(Ekv /kv )

given by takingC toCkv (with the induced action of Ekv . Show that this is a homomorphism and
agrees with the natural map

H 1(Gal(k/k), E(k) −→ H 1(Gal(kv/kv ), E(kv ))

given by restricting a cocycle on Gal(k/k) to the subgroup Gal(kv/kv ).

From this we see that if k is a number �eld then we can form the group

X(E/k) := ker

(
WC(E/k) −→

∏
v

WC(Ekv /kv )

)
the so-called Tate-Shafarevich group of E. This group, as the reader might be well-aware, is pivotal for the
role it plays in the Birch and Swinnerton-Dyer conjecture. In particular, it’s conjectured thatX(E/k) is �nite.

It’s not easy to write down a non-trivial element of X(E/k). By Exercises 6.25 it’s equivalent to write down
a geometrically integral proper smooth curve of genus 1 with no k-point but which has a kv point for all v .
See this for a famous example due to Selmer.

Misc.

(26) Let k be a �eld. And consider A2
k = Spec(k[x,y]). Let X1 := D(x) × A1

k and X2 := D(y) × A1
k

where A1
k = Spec(k[t]). Note that we have natural projection maps Xi −→ A

2
k − {0}. Let’s glue

X1 and X2 along D(xy)×A1
k via the morphism of D(xy)-schemes given by t 7→ t + 1

xy and call the
resulting space X . Note that X has a map to A2

k − {0}. Show that X −→ A2
k − {0} is a non-trivial

Ga,A2
k−{0}

-torsor (for the Zariski topology). Deduce that A2
k − {0} is not a�ne.

(27) Consider the natural map p : An+1
k − {0} −→ Pnk . Show that this map is a Gm,Pnk -torsor (for the

Zariski topology). We also note that Gm,Pnk -torsors correspond to line bundles on Pnk . What line
bundle does p correspond to?

(28) Let k be a �eld. Show by hand that if f : X −→ Y is a non-constant map of smooth proper
geometrically integral curves then f∗Z/`Z is a constructible sheaf. Can you describe this sheaf in
terms of its stalks?

7. Cohomology of curves and abelian varieties.

8. Artin comparison and Artin vanishing.

9. Proper base change and nearby cycles.

10. Properties of `-adic cohomology.

11. Cohomology over �nite �elds. Lefschetz trace formula and the Weil conjectures.

12. Purity and the Riemann hypothesis.

https://kconrad.math.uconn.edu/blurbs/gradnumthy/selmerexample.pdf


Prerequisites

Schemes and sheaf cohomology, basics of homological algebra.
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